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Abstract. In this paper, we prove that a squarefree monomial ideal of height 
2 whose quotient ring is Cohen-Macaulay is set-theoretic complete intersection. 



1. Introduction 

Let R be a polynomial ring over a field K . Let / be a squarefree monomial ideal 
of R and G{I) the minimal set of monomial generators of /. The arithmetical rank 
of / is defined by the minimum number r of elements a% , . . . , a r € R such that 



(1.1) ^{a u ...,a r ) = V?. 

We denote it by ara/. When holds, we say that ai,...,a r generate I up 

to radical. By Krull's principal ideal theorem, we have height/ < ara/. When 
the equality holds, we say that / is set-theoretic complete intersection. Moreover, 
Lyubeznik [14j proved that for a squarefree monomial ideal J, the projective di- 
mension of R/I over R, denoted by pd R R/I (or pdR/I if there is no confusion), 
provides a better lower bound of the arithmetical rank of /. Many authors involving 
Barile [TJ [2J [3l 0] , Barile and Terai 0[6], Ene, Olteanu and Terai [10], Kummini [13] . 
Schmitt and Vogel [16] , Terai and Yoshida with the author [TTJ [12] , investigated 
when ara/ = pd R R/I holds. 

In this paper, we prove the following theorem: 

Theorem 1.1 (See Theorem 14. lj) . Let I be a squarefree monomial ideal of R of 
height 2. Suppose that R/I is Cohen-Macaulay. Then 

ara / = pd R R/I = 2. 

In particular, I is set-theoretic complete intersection. 

That is, ideals as in Theorem 11.11 are generated by 2 elements up to radical. 
Note that the equality ara/ = pd R R/I does not always hold for Cohen-Macaulay 
squarefree monomial ideals / of height 3 (when char/T ^ 2) as founded by Yan 
[18) . Terai and Yoshida with the author [12] . 

We explain the organization of this paper. First in Section 2, we state the 
motivated problem of this paper (Problem [2TTJ), which corresponds to Alexander 
dual of the results in Barile and Terai [5]. Partial answers for this problem are 
given in Section 3 (Propositions 13. ll and 13. 2| ). In particular, Proposition 13.21 plavs 
the key role on the proof of Theorem ll.il which is given in Section 4. 
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The main result of Barile and Terai [H Theorem 1], which is our motivated paper, 
required the assumption that K is algebraically closed. At the last of this paper, 
in Section 5, we give an improvement proof of that result. Consequently, we can 
remove the assumption on K. 

2. Preliminaries and the motivated problem 

In this section, we state the motivated problem of this paper. As before, we 
recall some definitions and properties of simplicial complexes and Stanley-Reisner 
ideals, especially, Alexander duality. For more detail, we refer to [3 Section 5] , [17] . 

Let / be a squarefree monomial ideal of a polynomial ring R over a field K . The 
graded Betti number of R/I is defined by (3i t j(R/I) = dimjc[Tor^(i?/J, K)]j. The 
initial degree, the ( Castelnuovo-Mumford) regularity of / are defined by 

indeg/ = mm{j : (3 hj {R/I) ± 0}, reg/ = max{j - i + 1 : ^(R/I) + 0}, 

respectively. In general, the inequality reg/ > indegJ holds. When reg/ — 
indeg/ = k, we say that / has a k-linear resolution. 

Let X — {xi, X2, ■ ■ ■ , x n } be a set of indeterminates over a field K . A simplicial 
complex A on the vertex set A is a collection of subsets of X with the properties 
(i) {x.i\ G A for all Xi G A; (ii) F G A and GcF imply G G A. If A consists of all 
subsets of X, then A is called a simplex. An element of A is called a face of A. A 
maximal face of A with respect to inclusion is called a facet of A. The dimension 
of A is defined by dim A = max{|,F| — 1 : F G A}, where denotes the cardinality 
of F. The Alexander dual complex A* is defined by A* = {F C X : X \ F A}, 
which is also a simplicial complex. If dim A < n — 2, then the vertex set of A* 
coincides with X. When this is the case, A** = A. 

For a simplicial complex A on the vertex set X = {xi, X2, ■ ■ ■ , x n }, we associate 
a squarefree monomial ideal I a of A[A] = K[x\, X2, ■ ■ ■ , x n ] as follows: 

Fa = (x ll ■■■ x ig : 1 < h < ■ ■ ■ < i s < n, {x tl , . . . , x ia } £ A) , 

which is called the Stanley-Reisner ideal of A. The quotient ring -ft' [A] = K [X] //a 
is called the Stanley-Reisner ring of A. The minimal prime decomposition of I a 
is given by 

(2.1) Ia= f| Pf, 

FeA : facet 

where Pf — {x t : x l G X \ F). 

On the other hand, it is well-known that for a squarefree monomial ideal I of 
R = K[X] with indeg/ > 2, there exists a simplicial complex A on A such that 
/ = I a- Assume that height / > 2. Then since dim A < n — 2, we can consider 
the ideal /* = /a* of R, which is called the Alexander dual ideal of / = I a- Since 
A** = A, we have /** = /. The minimal set of monomial generators of /* = Ia* 
is given by 

(2.2) G(J* ) = G{Ia* ) = {m x \ F ■ F G A is a facet of A}, 

where mx\F — Yl Xi ex\F x i- Then it is easy to see that indeg/* = height / by 
(|2.ip . (12.21) . Moreover, Eagon and Reiner [9l Theorem 3] proved that / has a linear 
resolution if and only if /?//* is Cohen-Macaulay. 

Now we state our motivated problem. 
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Let A be a simplicial complex on the vertex set X — {xi, X2, ■ ■ ■ , x n }- Let xo be 
a new indeterminate and F a face of A. A cone from xq over F, denoted by C0a; F, 
is the simplex on the vertex set F U {xo}. Then A' :— A U co X(l F is a simplicial 
complex on the vertex set X' := X U {xq}- Barile and Terai [5] investigated some 
relations between arithmetical ranks of /a and Ia> ([3 Theorem 1]). Moreover, 
they proved that if ara/A, = pdif [A] holds, then ara/A' = pdif [A'] also holds 
([SI Theorem 2]). As its corollary, they proved that if a squarefree monomial ideal 
I C R has a 2-linear resolution, then arai = pd R R/I holds. (This result was first 
proved by Morales [TS] on the different way.) 

We consider the following problem which corresponding to Alexander dual of 
their results: 

Problem 2.1. Let A be a simplicial complex on the vertex set X = {xi, X2, ■ ■ ■ , x n } 
with dim A < n — 2. Let F be an arbitrary face of A* and xq a new vertex. Set 
X' = X U {xo}, r = A*, r' = ru co^ F, and A' = {V')*. 

Are there any relations between arithmetical ranks o//a and /a' ? In particular, 
z/ara/A = pdif[A] holds, then does ara//v = pdif[A'] hold? 

Here, we compare the projective dimension of if [A'] with that of if [A]. 

Lemma 2.2. Let A and A' be simplicial complexes as in Problem \2.1{ Then 

pdK[A'] = pdK[A]. 

Proof. Set R = K[X], R' = K[X'}, I = i A , I' = I A >, and G(I) = {mi, . . ., mfl }. 
Then 

i r = I* = p Gl n • • • n p g , c r, 

where G\, . . . , are all facets of T — A* and nij — Y[ x eP G x i- ^ e ma y assume 
FcGi without loss of the generality. Then 

i^ = Pfu{x } n (P Gl R' + (x )) n ■ • • n (p g ^r' + (so)) c &. 

Hence 

i' = (mo, xomi, . . . , xom^R' = moR' + xqIR' ', 
where mo = Y\ r cP x,. Note that mo is divisible by mi since Pa,R' C 
Pfu{x„}- 

Let us consider the short exact sequence 

(2.3) — ► R'/inoR' n x IR' — > R'/m R' ® R'/x Q IR' — > R'/I' — > 0. 

Note that m R' n x LR' = x m i?'. Since pd^, R'/I = pd R R/L > height I > 
2, pd R , R' /xomoR' — pd R , R'/moR' — 1, the long exact sequence obtained by 
applying Tot r '(-,K) to $hft yields 

pdK[A'} = pd R , R'/I' = pd R R/L = pdK[A], 

as desired. □ 

3. Partial answers for Problem 12. II 

In this section, we give partial answers for Problem 12.11 Throughout of this 
section, we use the notations as in Problem 12. II 

First, we show a relation between arithmetical ranks of iA and iA'- 
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Proposition 3.1. Let A and A' be simplicial complexes as in Problem \2.1{ Then 

ara/A' < ara/A + 1. 

In particular, if ara/A = pdlf[A] holds, then ara//y coincides with either 
pdK[A'] or pdK[A'} + 1. 

Proof. Set R = K[X], R' = K[X'}, I = I A , I' = Ia>, and G(I) = {mi, . . . ,m M }. 
Then 

i 7 = (m , x mi, . . . , xqiti^R', 

where m = U Xt eP FU{lco} x i- 

Put /i = ara/ and let (ft, ... , g/j be elements of R which generate / up to radical. 
Then xqQi, ■ ■ ■ , £o<7/i generate (lofii, ■ ■ • , lo^/i) up to radical. This implies that 
rrio, xoqi, . . . , xoqh generate V up to radical. Therefore we have arai 7 < h + 1. 

Then the latter claim immediately follows from Lemma 12.21 and the inequality 
araI A ' > pdK[A']. □ 

Next, we give a partial answer for the second question of Problem 12. II 

Proposition 3.2. Let A and A' be simplicial complexes as in Problem \2.1\ Suppose 
that ara/A = pdi^[A] = 2. Then 

aval A ' = pdK[A'} = 2. 

In the study of the arithmetical rank, the technique based on linear algebraic 
consideration has been developed by Barile [2], Barile and Terai [5] (see also [6]). 
Our proof of this proposition also goes along this current. 

Proof. By Lemma [2.2[ we have pd-ftT[A'] = pdA"[A] = 2. Therefore it suffices to 
prove that ara//y < 2. 

Set R = K[X], R' = K[X'], I = I A , I' = Ia>, and G(7) = {mi, . . ,,m M }, Then 

I' = (m ,x mi, . . .,x m^)R', 

where too = EL gp F u{ } Xi ' ^ be a facet of T = A* containing F. We may 
assume toi = Ilx eP G Xi ' Then mo is divisible by mi since PgR' C Pfu{x }- 

Let qi, q2 be elements of R which generate I up to radical. Note that q±, q2 G / 
because / is a squarefree monomial ideal. By m, € \/(<7i, 92), there exists some 
integer £i> 1 such that to^ G (<Zi, 92)- Then we can write 

to- 1 = <Xii?i + a 4 2<?2, i = l,...,Ai, 
where an,a i2 € A- Set A = (oij)i=i,... )At ;j=i,2< Then 

/<\ 

Set 

J' = (x Q qi - a 12 m ,xoq 2 + a n m )R'. 

We prove ^/j 7 = V . Since x§q\ — a^mo, x$q 2 + aumo € I', we have x/J 7 C /'. We 
prove the opposite inclusion. 
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Since 

/ x m^ + /im N 



a ( xoqi - ai2m 
\x q 2 + aumo 



where = a xl a l2 - a 12 a il , 



we have x^m^ + /jmo <E J' for i = 1, . . . Note that /j = ana^ — auo>n — 
0. Thus XQm^ 1 G J', that is, xomi 6 Since mi divides mo, multiplying 

Xom^ + /jmo € J' by xq implies x\ra^ <E \f~T , that is, xom^ € VJ 7 . 

Here, recall that 51,92 € / = (mi,...,m M ). Thus xoqi,xoq 2 & \f~T ■ Conse- 
quently, we have aumo, ai 2 mo S By m^ 1 = anqi + 01202, we have 

m m^ = m (aiigi + ai 2 g 2 ) = (aiim )<Ji + (ai 2 m )g 2 € VJ 7 . 



This implies mo £ vJ' since mo is divisible by mi. Therefore vJ' D I' holds, as 
required. □ 

Example 3.3. Let A be the simplicial complex on the vertex set {x\, x 2 , x 3 , X4} 
whose facets are {x±, X3}, {x 2 , x 3 }, {x 2 , X4}. Then 

I = lA = (%2,%4:) n (xi,X4,) (2:1,0:3) = (xiX 2 ,XiX i ,X3X i ). 

The Alexander dual complex T of A has facets {3:3, X4}, {x 2 , X3}, {xi, x 2 }, that is, 
r is a line segment with 4 vertices. Take the face F = {14} £ T and a new vertex 
x 5 := xq. Then r' = T U co^ja^} is a line segment with 5 vertices and 

h> = (xi,x 2 ,x 3 ) n (x 1 ,x 2 ,x 5 ) n (x 1 ,x 4 ,x 5 ) n (x 3 ,x 4 ,x 5 ). 

Thus i 7 = J(r')* is generated by 

2:1X22:3, 2:12:22:5, 2:12:4X5, X3X4X5. 

In this case, mo = x\x 2 x 3 and mi = x\x 2 . By the result of Schmitt and Vogel 
[TBI Lemma, p. 249], it is easy to see that the following two elements qi, q 2 generate 
I up to radical: 

qi = X1X4, q 2 = x\x 2 + X3X4. 

Then 

(3.1) ml = -x 2 x 3 qi + x\x 2 q 2 . 

By Proposition 13. 2[ the following two elements q[, q' 2 generate I' up to radical: 
q[ = x 5 qi - xix 2 m = X1X4X5 - x\x\x 3 , 
q 2 = x 5 q 2 - x 2 x 3 m = xix 2 x 5 + x 3 x 4 x 5 - xiX 2 Xg. 

4. Proof of the main theorem 

In this section, we prove the following theorem, which is the main result in this 
paper. 

Theorem 4.1. Let I be a squarefree monomial ideal of R = K[X] of height 2. 
Suppose that R/ 1 is Cohen-Macaulay. Then 

ara/ = pd R R/I — height / = 2. 

In particular, I is set-theoretic complete intersection. 
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The Alexander dual of ideals satisfying the assumptions of this theorem have a 
2-lincar resolution. To study these ideals, we recall the definition of the generalized 
tree. 

We say that a simplicial complex is a generalized tree if it can be obtained by 
the following recursive procedure: (i) a simplex is a generalized tree; (ii) if A is a 
generalized tree, then A U co^,, F is also a generalized tree for any F S A and for 
any new vertex xq. Then a Stanley-Reisner ideal I a which has a 2-linear resolution 
is characterized as the following lemma. 

Lemma 4.2 (See Barile and Terai [FJ Lemma 2]). Let A be a simplicial complex 
which is not a simplex. Then /a has a 2-linear resolution if and only if A is a 
generalized tree. 

Now we prove Theorem 14.11 The proof is done as an application of Proposition 

Proof of Theorem \4-l\ Since R/I is Cohen-Macaulay, we have pd R R/I = height / = 
2. First, we note that when fi(I) < pd R R/I + 1, it is known that ara I = ~pd R R/I 
holds; see e.g., PTj Theorem 2.1]. Thus in our situation, ara/ = pd R R/I = 2 holds 
if < 3. 

If indeg/ = 1, then / is of the form (xi,TO2) by the assumptions of /. In this 
case, ara / = 2 trivially holds. 

Assume that indeg / > 2. We proceed the proof by induction on the number \X\ 
of variables. The minimum number \X\ in which there exists an ideal / satisfying 
our assumption is 3 and such an ideal is of the form 

/ = (xi,x 2 ) n {xi,xz) n (x 2 ,x 3 ) = (xix 2 ,xix 3 ,x 2 x 3 ). 

Then since fi(I) = 3, we have ara / = ~pd R R/I = 2. 

Now assume \X\ > 3. Since /* = /r has a 2-linear resolution, T is a generalized 
tree by Lemma 14.21 and there exist a vertex x G X, a generalized tree T on the 
vertex set X \ {x} and a face F S T such that r — T U co^ F by the definition of 
the generalized tree. Note that T is not a simplex because height /r = indeg / > 2. 
Then J := /p has a 2-linear resolution. 

If height J = 1, then J is of the form (xi) n P 2 , and /* is of the form 

l* = lv = P FU {x} n (xi,x) n {p 2 r + (»)). 

Therefore /j,(I) < 3. 

Thus we may assume height J > 2. Then / := (J)* satisfies the assumptions of 
Theorem 14.11 By the induction hypothesis, we have ara/ = pd R R/I = 2. Hence, 
we have ara / = pd R R/I = 2 by Proposition 13.21 □ 

The next example, which is a generalization of Example 13.31 gives an example 
of ideals which satisfy the assumptions of Theorem 14.11 

Example 4.3. Let us consider the squarefree monomial ideal /„ of K [x\ , x 2 , . . . , x n ] 
(n > 4) generated by the following n — 1 elements: 



That is, /„ is the Alexander dual ideal of the Stanley-Reisner ideal Ir n , where r n 
is the simplicial complex whose facets are {xi, x 2 }, {x 2 , X3}, . . . , {x n -i, x n }. The 
ideals /, /' in Example 13.31 are /4,/s, respectively. 
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Example 1 3. 3 i i.e 



Then the height of /„ is equal to 2, and the quotient ring is Cohen-Macaulay. 
Therefore by Theorem 14. 11 we have ara/„ = 2. 

For n = 4, 5, two elements q^ which generate /„ up to radical are given in 

r ( 4 ) ( 4 ) r (5) (4) (5) 

I q\> = m \', J q\ ' = x 5 q[ - xix 2 m\ 

I (4) (4) . (4) ) (5) (4) (5) 

{ q\ ' =m\ +rrv 3 , [_ q 2 = x 5 q 2 - x 2 x 3 m\ . 

In general, two elements , q^ which generate /„ up to radical are given by the 
following recursive formula: 

{(n+l) (n) n -3 (n-1) (n+1) 

3i =x n +m -a:„- 2 «i m i . 
n > 5 
(n+l) (n) n-3 (n-1) (n+l) ~ 

q 2 = x n+1 q 2 -x n J 2 q 2 >m\ 

We prove this by induction on n. Note that I' n = I n +i with F = {x n }(c G — 
{x n -i, x n }) and xq = x„+i with respect to the notations of the proof of Proposition 
13.21 Hence by the proof of Proposition ^. 21 it suffices to check the following equality 
by induction on n under the hypothesis that q[ n ^ , q^ generate /„ up to radical: 

(4.2) (m^r- 2 = -x^q^qf + ^I^" V, n > 5. 

When n = 5, since 

(4) (5) . (4) (5) (4)/ (4) (5)x . (4)/ (4) (5)v 

-% Qi + ?i ?2 = ~9 2 (f5£?i - xix 2 m\ ') + q{ '(x 5 q 2 - x 2 x 3 m\ ') 

I (4) (4)n (5) 

= (xyx^ - x 2 x 3 q[ ')m\ 
= {mffm^ by (l3~H 

and a;§(rnj 4 ' ) ) 2 m^ 5 ' ) = (m^ 5 '') 3 , we have the desired equality. Similarly for general 

n, 

(n-1) (n) (n-1) (n) 
- 92 «1 + 5l ?2 

(n-1), (n-1) „-4 (n-2) (n-1)/ (n-1) n-4 (n-2) (nK 

= -9 2 (xnQi -K-3Q1 ™>i ) + Qi 0«9 2 ~x n _ 3 q 2 'm\ ') 

I n-4 (n-2) (n-1) „-4 (n-2) (n-l)x (n) 
= 0*„-s9l «2 -^n- 3 92 9l 

= (m^" 3 TOi*^ by induction hypothesis 

and <l|(m^ 1) )" _3m i n) = (m^ n) )™- 2 yield the equation (|4~2"|) . 

Another class of ideals which satisfies the assumptions of Theorem 14.11 is found 
in Barile [TJ Section 3]. It is essentially Alexander dual of the class of Ferrers ideals 
(see jS], [1]). In [I], Barile construct 2 elements which generate the ideals up to 
radical on the different way. 

5. Improvement proof of the result by Barile and Terai 

Let A be a simplicial complex on the vertex set X. Let F be a face of A and 
xq new vertex. Set A' = A U co Xo F. Throughout of this section, we use these 
notations. Note that these are different from those of previous sections. 

In our motivated paper Barile and Terai [5], the main result [5j Theorem 1] de- 
pends on the base field K . Precisely, it needs the assumption that K is algebraically 
closed. In this section, we give an improved proof of it which does not depend on 
the base field K. 
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Theorem 5.1 (cf. Barile and Terai Theorem 1]). Let A be a simplicial complex 
on the vertex set X = {x\,Xi, . . . ,x n }, F a face of A, and xo new vertex. Set 
A' = AUco Xo F. Then 

ara//y < max{ara/A + l,n— \F\}. 

As a consequence of our improvement, we can also omit the assumption on K 
for other results in [5]: 

Theorem 5.2 (cf. Barile and Terai Theorem 2]). Let A be a simplicial complex 
on the vertex set X = {xi,x%, ■ ■ ■ ,x n }, F a face of A, and xq new vertex. Set 
A' = A U co ao F. Z/ara/A = pdiC[A] holds, then ara/A' = pdif[A'] also holds. 

Corollary 5.3 (cf. Barile and Terai [5] Corollary 3]). Let I be a squarefree mono- 
mial ideal of R = K[X]. Suppose that I has a 2-linear resolution. Then 

ara/ = pd^j R/I. 

Corollary 15 .31 was first proved by Morales [T5J Theorems 8 and 9] on the different 
way, but he also assumed that K is algebraically closed. 

Now, we prove Theorem 15. II The proof is divided into two steps. We construct 
max{ara/A + l,n— \F\} elements which generate Ia> up to radical in the latter 
step (Step 2). The former step (Step 1) is assigned to transform elements which 
generate Ia up to radical so that the elements constructed in (Step 2) belong to 
Ia'. 

In our proof, (Step 1) is the same as that by Barile and Terai (see also Barile 
[21 Theorem 1]). Thus we omit the detail. Our improvement is in (Step 2). In 
Case 1 of (Step 2), the elements which generate Ia 1 up to radical are the same as 
those of Barile and Terai. The difference is that we use the cofactor matrix instead 
of Cramer's Rule which they used, and we do not use Hilbert's Nullstellensatz. In 
Case 2 of (Step 2), we give the different elements which generate 2a ' up to radical 
from those of Barile and Terai. This is our main improvement. 

Proof of Theorem \5.1\ {Step 1) First, we fix the notation. Set R = K[X] and 
R' = K[X'] where X 1 = X U {x }. If F = X, then J A = I A , = and the assertion 
is trivially true. Thus we assume F ^ X. Let G be a facet of A which contains 
F. We can assume that G — {x s+ i, . . . , x n } and F — {x t+ i, . . . , x n }, where s < t. 
Then /a' = IaR' + (xqXi, . . . , xoXt)R' ■ We set ara/A = h. Then we can rewrite 
the claim as 

ara/A' < max{/i + l,t}- 
Assume that qi,...,qh generate I a up to radical. Since I a C Pg = ■ ■ ■ ,x s ) 
and qi G I a, we can write 

s 

qi ^ O'ijXjj i — 1, 2, . . . , h 7 

3=1 

where a.y G R. Then we can transform each q^ to 

s 

Qi = ai 3 x j> 
3=1 

where G I a preserving the property that q 1 , . . . , q h generate I a up to radical; 
see Barile and Terai [3 Proof of Theorem 1]. 
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(Step 2) Now we find max{/i + l,i) elements which generate Ia> up to radical. 
We divide into two cases. 

Case 1: Suppose that h + 1 > t. 
We show that ara/A' < h + 1. We set A = (j&ij)i,j=i,...,t, where = if j > s. 
Let A\ = A + x Id t , where Id t denotes the t x t identity matrix. Set 

Ji = (det A 1 - x t ,q 1 +x x l7 . . . ,q t + x x t ,q t+1 , . . . ,q h )R'. 

We prove \J~J\ — Ia>- Since a„ G I a, we have det A\ — x^ e I\R'. Moreover 
since q^ G Ia, i = 1,2, ... ,h and xoXj G Ia 1 , j = 1,2, ...,t, we have y/Jl C 7a'- 
We prove the opposite inclusion. To do this, it suffices to show that q i G \/~Ji, 
i = 1,2, ... ,t and x n Xj G \fJ[, j — 1,2, . . . ,t. 

Let Si be the cofactor matrix of A x . Then B x Ai = (det A{)Id t . Since 















\q t + x x t y 




w 













Si 




= B 1 A 1 


: = (det^i) 






\q t + x x t J 




w 


w 



we have 



Then (det Ai)xj G Ji for j = 1, 2, . . . , t by 5, + x Xi G Ji for alii = 1, 2, . . . , t. 
Multiplying det A\ — x l a G J\ by Xj, we have x\xj G Ji. Hence XoXj G f° r 
j = 1, 2, . . . , t. Since q^x^Xi G Ji, we have ^ G \[7\ for i = 1, 2, . . . , t, as required. 
Case 2: Suppose that /i + 1 < t. 

We show that ara/A' < i- Note that in this case, s < t — 1 because if s = t, then 
t is the height of the minimal prime Pq of I a and Krull's principal ideal theorem 
shows that ara/ > t. This contradicts to ara/A = h < t — 1. 

We set A = (flij)ij=i,...,t-i, where = if i > h or j > s. Let ^4 2 = 
A + xoldt-i, where Idt-i denotes the (t — 1) x (t — 1) identity matrix. Set 

J 2 = ((det A 2 )(a;o + x t ) - Xq,^ + x xi, ...,q h + x x h ,xox h+ i, . . .,x x t -i)R'. 

We prove \flh = Ia'- As a,ij G Ia, similarly to Case 1, we have \fJ2~ G Ia'- 
We prove the opposite inclusion. Let J3 2 be the cofactor matrix of A%. Then 
B2A2 = (det Az)Idt-i. Since we set = for i > h, we can write formally 
x Xi =~q~i + x Xi fov i = h + 1, . . . ,t — 1. Using this notation, we have 



/ q l + x xx ^ 













Thus 



B 2 



q x + a; a;i 



K q t _! + x x t -i / 



Bo A 




( Xl \ 

= (detA 2 ) : 

\xt-ij 
X{)Xi G J 2 for all i = 



1,2,. 



Then (det A 2 )xj G J 2 for j = 1, 2, . . . , t- 

Multiplying (det A2)(x +x t ) — x^ G J 2 by Xj, wehavexgXj G J 2 for j 
1. Hence x a xj G \/^2 for j = 1,2, . . . ,t — 1. Since ^ + x a;i G J 2 , we have 



1,2,. 



,t-l. 
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q i G \~J2~ for i = 1, 2, . . . , t — 1. In particular, q i G -y/Jj for i = 1,2, ... ,h. Since 
^{q 1 , ■ ■ ■ ,q h ) = I a and G I a, we have 

fly € \/(<7i," -^J C \ph, for all 

Therefore (det A^ix^ + Xt) — x l G J2 implies iEq -1 ^ + x t ) — Xq G \/J2. Thus we 
have x t ~ 1 x t G %/^2i that is x x t G \/^2- This completes the proof. □ 

The next example was considered in Barile and Terai [5l Example 1] as the 
example to show elements given in the proof of Theorem 1]. We show the 
elements given in our proof at the same example, too. 

Example 5.4. Let A be the simplicial complex on the vertex set {051,0:2,0:3,354} 
whose facets are {x\, X2}, {x\, X4}, {X2, x 3 }, {2:3, X4}. Then 

= (xi,x 2 ) n (x!,xi) n (0:2,353) n (0:3,3:4) = (x 1 x 3 ,x 2 x i ). 

Thus Ia is complete intersection. In particular, h — ara/A = 2. Set q\ = x\x 3 and 
(72 = X2X4. Take the face F — {x^} G A and let xq be a new vertex. Then Ia> is 
generated by the following 5 elements: 

XiX 3 ,X 2 X i , X Xi,X X2,X X 3 . 

Then t = 3. We take the facet G as {£3, £4}. Then Pq — (xi,x 2 ). In this case, we 
have 

q 1 = X1X3 ■ xi, q 2 — X2x\ ■ X2- 
Since h + 1 = 3 = i, we apply the Case 2 of the proof of Theorem 15. II Since 
-j'_(xixl \ _(x x xI + xq \ 

A - { X2X\) ' A2 -{ X 2 xl+Xo) ' 

the ideal Ia' is generated by the following 3 elements up to radical: 

(Xixj + X ) ix 2 x\ + X )(x Q + X 3 ) ~ X% 

= X^X 3 + XqX\X 3 + X 2 qX2x\ + XoXlX2X^xl + X()XlX 3 + XoX2X 3 x\ + XlX2X s X i , 

x\x\ + X0X1, 
2 2 

X^X^ T" X{)X2- 
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